ABSTRACT. The betweenness centrality of a vertex of a graph is the portion of the shortest paths between all pairs of vertices passing through a given vertex. We study upper bounds for this invariant and its relations to the diameter and average distance of a graph.
Introduction
Throughout this paper, we consider connected finite graphs without loops or multiple edges; we use standard graph theory terminology as used in [3] .
In real-world network analysis, one of the key goals is the identification of the most important objects within a network. The measure of the importance of these objects is usually expressed in terms of centrality invariants. In [6] , Freeman introduced several such indices; the one most commonly used is betweenness centrality, which can be described in graph theory language as the portion of the shortest paths of a graph passing through a selected vertex. Recently, this invariant was studied also from a purely theoretical view. In [2] , the bounds of betweenness based on the eigenvalues of a Laplacian matrix are studied and the relation of betweenness to other graph invariants is investigated (as it is closely connected with the average distance in a graph). Another paper [4] deals with estimates on the betweenness of vertices in bipartite graphs. The betweenness of vertices within their ego networks (that is, within graphs induced by their neighbourhoods) and its correlation with the betweenness of vertices in random graphs and real-world networks is discussed in [5] . The concept of betweenness was also defined for edges and applied to clustering algorithms for determining communities within social networks (see [10] ).
The aim of this paper is to study upper bounds of the betweenness of a graph. Section 2 contains basic definitions and properties of betweenness. In Section 3, we derive diameter-based upper bounds for the betweenness of trees and general graphs which yield improved upper bounds for average distances in graphs.
Basic definitions and properties
Given a connected graph G = (V, E), n and m denote the number of its vertices and edges, respectively; for u, v ∈ V , u = v, (u, v) denotes an ordered pair of vertices. The set of all neighbors of a vertex x is N (x), and the degree of x is d(x) = |N (x)|. We denote by δ and ∆ the minimum and the maximum degree of the vertices of the graph, respectively.
For any two vertices u, v ∈ V , d(u, v) denotes their distance (that is, the length of the shortest u-v-path) in G; the average distance l(G) of G is equal to
The eccentricity of a vertex u is the number e(u) = max v∈V (G)
d (u, v) ; the maximum eccentricity of the vertices of G is called the di- 
B(x).
We note that other authors (cf. [6] ) consider in the definition of betweenness the above mentioned sum for unordered pairs of vertices (thus, they obtain half of the betweenness value defined here). Our definition matches the one given in [2] and allows for the transfer of the concept of betweenness to directed graphs (see also [7] ). Throughout this paper, all sums involving betweenness are summed over ordered pairs of vertices from a given set.
Using the definition of betweenness, we obtain that B(x) ≤ (n − 1)(n − 2) for every vertex x of a graph G, and the equality holds if and only if x is the center vertex of the star K 1,n−1 ([6] ). The next theorem provides a useful formula that describes the connection of betweenness and average distance (see [2] ):
Upper bounds
First, we study the connection between the betweenness of the graph and the betweenness of its supergraphs, which are obtained by local operations of vertex or edge addition. This yields specific upper bounds for the betweenness of a graph. Furthermore, we use the obtained results to find new bounds for the average distance of a graph, and compare these new bounds with several well-known bounds, showing that they provide better estimates for some graph families.
The next lemma describes the change of betweenness after adding an edge:
Ä ÑÑ 1º Let G be a graph of order n and let G be the graph obtained from G
From this we obtain
which yields the desired statement by Theorem 1.
This inequality helps us to provide a useful tool for the following results:
P r o o f. Adding the edges of E \ E one by one to G and using the previous Lemma 1, the betweenness of the obtained graph is decreased by 2/n or more in each step; thus, the result holds.
ÓÖÓÐÐ ÖÝ 1º Let G = (V, E) be a graph of order n and size m, and let T be a spanning tree of G. Then
P r o o f. Any spanning tree is a spanning subgraph of G with n − 1 edges; therefore, by Theorem 2 with r = m − n + 1, we get the result.
The influence of adding a new vertex to a graph on the betweenness is more complicated. We will first discuss the addition of a pendant vertex u:
graph of order n, w ∈ V be a vertex of G with eccentricity e(w). Let the graph G be obtained from G by connecting a new pendant vertex u to w. Then
P r o o f. If we connect a new vertex u to w, we are simply adding n − 1 new shortest paths that go from u to the vertices of V (G)\w (and the extra edge uw). The distance between the other vertices does not change, so
which gives, by Theorem 1,
Ä ÑÑ 3º Let G be a graph of order n, let G be the graph obtained by connecting
, then by connecting w to u, v, we form a triangle, so B(w) = 0. We have 2(n−2) shortest paths connecting w to the rest of the graph and passing through u and v, thus
The betweenness of the vertices at distance i of w, for i ≥ 2, will also increase, although we can not calculate exactly how much. Therefore
If d(u, v) = 2 there is no triangle formed, but the only increase of the whole betweenness of the graph will be due to the shortest paths connecting w with the remaining n − 2 vertices. This means that
, and so the inequality holds.
We observe that the former result cannot be generalized if the vertices are at distance d(u, v) ≥ 3, because the betweenness can vary depending on the graph. For instance, if we connect two vertices at distance 3 from a path P 4 to a new one, we obtain a cycle C 5 . The betweenness of both graphs is the same: B(G) = B(G ) = 2. Furthermore, if we connect a new vertex to two vertices at distance 3 from a path P 5 the betweenness decreases: B(G) = 4 and B(G ) = In what follows, we are interested in studying the betweenness of trees in order to find a bound that could help us bound the betweenness of any graph G. First, we bound the betweenness of any tree with a given maximum degree. 
It is straightforward that this function evaluated in x i = m i , gives us the betweenness of w for every 1 ≤ i ≤ d. If we find an upper bound for this function for every 1 ≤ x i ≤ n, we will obtain an upper bound for the betweenness of w, as 0 ≤ m i ≤ n for every 1 ≤ i ≤ d. In order to do this, we calculate the maximum of this function under the condition m 1 + · · · + m d = n − 1. This is a maximization problem that can be solved by using the Lagrange multipliers formula with the auxiliary function
x i − n + 1 . By isolating λ from the system formed by its partial derivatives equal to 0, we obtain λ = 2
∆ .
Now recall that T n contains at least ∆ pendant vertices which have zero betweenness. Thus, for the betweenness of T n , we obtain
From the calculations above, it follows that this bound is reached for a vertex of a tree which can be rooted such that the root vertex is of degree ∆ and all of its subtrees are of the same size. In particular, the bound is attained for any star graph K 1,n−1 .
NOTES ON THE BETWEENNESS CENTRALITY OF A GRAPH
This theorem, combined with Theorem 1 and Corollary 1, allows us to obtain the following upper bound for the average distance of a graph:
ÓÖÓÐÐ ÖÝ 2º Let G be a graph of order n, size m and maximum degree of . Now, using Theorem 1 and these inequalities, we obtain
n ad the result follows by dividing this inequality by n − 1 and adding 1.
Note that this bound is sharp for the star graph K 1,n−1 . We will now state the upper bound for the betweenness of a tree of a given diameter D:
Ì ÓÖ Ñ 4º Let T n be a tree on n vertices with diameter D. Then
6n where
P r o o f. The proof is based on the construction of a maximum betweenness tree with given a diameter D. For this purpose, we start with a path P D+1 = u 1 , . . . , u D+1 and add the n−D−1 other vertices without increasing its diameter D in such a way that the total betweenness would be a maximum. The addition of the new pendant vertices is based on Lemma 2, which assures us that the larger eccentricity of the vertex w and the larger number of vertices that w has at a maximum distance (which are connected to a new vertex u) results in a larger value of B(G). Consider then the two vertices u 2 and u D with the second largest eccentricity. Both have the same eccentricity (D − 1) and the same number of vertices at maximum distance (1 at this moment). Connect a new vertex to any of them, for instance to u 2 . Now u D is the vertex with the second largest eccentricity (D − 1) and the maximum number of vertices at maximum eccentricity (2 at the moment). Therefore, the second pendant vertex must be added to u D . Again, u 2 and u D will have the same eccentricity and the same number of vertices at maximum distance (2 at this moment). So, the third pendant vertex can be connected to any of them. Repeating this procedure, we distinguish two cases according to the parity of n − D:
By simplifying these sums we obtain the desired result.
As a consequence, if we apply this result combined with Theorem 1 and Corollary 1, we find new bounds for the average distance of the graph:
ÓÖÓÐÐ ÖÝ 3º Let G be a graph with n vertices, m edges and diameter D > 1.
, and by Theorem 4,
. Thus
6n .
According to Theorem 1, B(G) = (n − 1)(l(G) − 1); hence, we obtain
We note that these bounds are also sharp for star graphs K 1,n−1 . Discussing the quality of these bounds, we compare them with several wellknown bounds, some of which are based on the Laplacian spectra of the graph. For instance, the one due to Mohar [9] involves the second largest eigenvalue of the Laplacian matrix of graph θ 2 (also called the algebraic connectivity):
We observe that this bound is not good for graphs which can be easily disconnected into two subgraphs, since for this kind of graphs θ 2 is near zero. The
following bound from Yebra et al. [11] is based on Laplacian eigenvalues and so-called alternating polynomials:
In order to compute it, we need to calculate the coefficients of these polynomials, which requires solving a particular optimization problem for every given graph. This makes the computation of the bound hard, and, in addition, the authors are not certain that it will work well for any family of graphs. Among the bounds involving Laplacian eigenvalues θ i for 2 ≤ i ≤ n, we also mention the recent bound by Teranishi [12] , which is based on the parameter
with equality holding if and only if G is a tree. Note that for a graph with a small θ 2 , the bound is also not good. The bound of Beezer et al. [1] is based on the minimum degree and size of the graph: and average distance l(G) =
For the above mentioned bounds, we obtain the following comparison:
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Observe that both bounds of Corollary 2 and 3 are equal to the average distance. We also point out that if we connect more than one leaf to the same vertex, the bounds of both Corollaries are equal, but not equal to the average distance, yet still better than those mentioned.
Example 2. If we consider the graph in Figure 1 , n = 9, m = 15, D = 3, Laplacian eigenvalues are {0, 1, 3, 3, 3, 4, 4, 6, 6} In this example we see that the bound of Corollary 2 is not as good as that of Corollary 3, which is the best one.
In general, taking the Cartesian product K 3 P k of a 3-cycle and a k-vertex path, we have n = 3k, m = 3(2k−1), D = k, δ = 3, ∆ = k; Laplacian eigenvalues are 5 − 2 cos for i = 1, . . . , k. For the average distance, we obtain (using the result of [8] on the sum of all distances in Cartesian graph product)
NOTES ON THE BETWEENNESS CENTRALITY OF A GRAPH
Concerning the above mentioned bounds, we get: Observe that the two first bounds are very high for a large value of k, as the algebraic connectivity θ 2 ≈ 0, whereas Beezer's bound is worse than our bound of Corollary 3 for this family of graphs.
